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Algebraic limitations imposed by the use of connected straightline
segments to define meshes for hydrodynamics simulations in two-
dimensional cylindrical geometries are shown. It is shown that in
the simplest smooth isentropic flow of the spherical expansion of
a gas with point symmetry, commonly, and currently, used finite
difference, finite volume, or finite element staggered grid hydrody-
namics equations cannot simultaneously preserve energy, entropy,
and sphericity on an equal-angle R — ® mesh. It is further shown
why finite difference codes tend to preserve sphericity and entropy,
while finite element codes tend to preserve sphericity and energy.
Exact difference representations of interface (cell face) pressures
and work terms and of the elements of the strain rate tensor in a
cell are shown. © 1996 Academic Press, Inc.

INTRODUCTION

Commonly used staggered grid hydrodynamic approxima
tions of the two-dimensional Euler equations cannot simultane-
ously preserve energy, entropy, and sphericity in cylindrical
coordinates for a problem of isentropic flow with point symme-
try. Thislimitation appliesto Lagrangian calculationsand to the
Lagrangian phase of Eulerian or ALE calculations. Historically,
this class of methods used independently modeled momentum
and interna energy equations and total energy was not readily
defined, much less conserved. The reasons for this will be
elaborated below, but briefly there were two. For reasons of
speed, calculations were done on a staggered time grid where
internal energy was updated at onetimelevel and kinetic energy
at another time level. This made it difficult to define total
energy. The other reason had to do with the desire to maintain
sphericity in a problem with spherical symmetry. In cylindrical
geometry, the mass of acylindrical shell of materia of constant
density and constant thickness varies with the distance of the
shell from the axis. Thismakesit difficult to construct amomen-
tum equation which will preserve spherical flow. The solution
historically adopted was to effectively solve the momentum
equation in Cartesian geometry where the mass did not depend
on the distance from the axis. But this leads to a quandary of
how to define both total kinetic energy and total internal energy
in cylindrical geometry. These problems have been resolved in
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several ways and sets of compatible formulasfor staggered grid
hydrodynamics [1-3] which are derived to inherently conserve
total energy are displayed. Compatible formulas have the prop-
erty that different arrangements of pressure, mass, area, and
velocity terms in the total energy conservation equation repre-
sent the momentum equation at cell vertices, the internal and
total energy equations in the cell, and the interface work done
by (or on) the faces of the cells. The interface pressure on
the cell faces is a compatible derived quantity. Any particular
eguation can be used as a starting point and the others follow.
But even with these formulas, algebraic limitations in cylindri-
cal geometry do not allow the simultaneous conservation of
energy and entropy and preservation of sphericity in a calcula
tion of the expansion of an ideal gas with point symmetry.

STAGGERED GRID HYDRODYNAMICS

In staggered grid hydrodynamics, velocity, u, or R,, and
position vectors, R, are associated with the nodes (vertices)
of cells; volume, density, specific internal energy, and entropy,
Ve, pe, €, S, are associated with theinterior of cellsand interface
work and cell face pressure terms are associated with the faces
of the cells. The overdot indicates the Lagrangian derivative.
The formulas presented, in general, apply to cells with an
arbitrary number of nodes and faces. All hydrodynamic vari-
ables are assumed to be defined at time t and advanced in
lockstep to time t + &t. This is an even time grid rather than
a staggered time grid. The symbol § is used to indicate time-
level differencing. In the difference form of the formulas, use
will be made of the relation

(u-u)‘”‘_(u-u)‘ _ utt® + gt ey
[2 2]—<2)(u u)=u-éu

to express the change in specific kinetic energy over a time
step in terms of the change in velocity at a node du, and define
the velocity u, in the time step to be the mean velocity over
the time step. The specific kinetic energy at time t on node n
is0.5u} - ul. Thisisthe scheme advocated by Trulio and Trigger
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intheir 1961 paper [4] describing the construction of aconserva-
tive set of equations in one-dimensional geometries. On a stag-
gered time grid, Trulio and Trigger showed that in one-dimen-
siona geometries, algebraically conservative equations could
be constructed by defining the specific kinetic energy at time
t on node n as 0.5 u}*?-ul*? which is not necessarily a
positive quantity. They also pointed out that total energy conser-
vation on a staggered time grid could only be achieved if the
time step were constant throughout the calculation; that is, the
Courant condition must be known a priori.

GEOMETRY

The notation used is shown in Fig. 1. Notes defining a cell
are numbered in counterclockwise sequence around the cell.
Cdlls surrounding a node are numbered in counterclockwise
sequence around the node. One of a set of node area vectors
Al isshown. Thenode areavectorsare outward directed vectors
associated with the cell faces at each node n of cell ¢. The j
index identifies various weightings of the node area vectors.
The cell volume and node area vectors are specified per unit
thicknessin X-Y coordinates, and per radian in R-Z coordinates.
Formulas will be written in terms of the nodal coordinates R,,
Z, and X, = R with v = 0 for Cartesian (X, Y) coordinates
and » = 1 for cylindrical (R, Z) coordinates. Let k be the unit
vector normal to the X-Y or R-Z plane, R and Z unit vectors in
the R and Z directions, and

[(Rx2)-K=[R-@ZxKk]=1

With the node position vectors, R,, taken in cyclic fashion
(Ri-1 = Rywhenn =1and R,;; = R, whenn = 4ina
quadrilateral), explicit representations of the first few of an
infinite series of formulas for the cell volume in terms of node
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FIG. 1. Notation about cell showing nodes and the outward directed node
area vector for cell cl at node nl.

area vectors with different X, weightings are derived in the Ap-
pendix;

(v+2V.= > R,-Al.= > R,
n n

. {[XH(RFH'l - Rn) + Xn(Rn - Rn—l)] X R}
1-2

(v+ 2V, = i R,-Al. = i R,
[(Xn+1 + Xn)(Rn+1 - Rn) R
+ (X + X-)(Ra — Ro-1)] Xk

2:-2

(v+2V.= > R,-Al.= > R,

[(Xn+l+ 2Xn)(Rn+1 - Rn) R
+ (2Xn + xnfl)(Rn B Rnfl)] X k ’
3-2

where the sum 2 is over the nodes n surroundi ng cell ¢c. The
sum X is over the cells ¢ surroundi ng node n. This sequence
can be extended indefinitely by forming linear combinations
of the terms above corresponding to different weightings of
the (scalar) X, = R} coordinate values of the nodes. In X — Y
coordinates, the representations all reduce to a single formula
asthe X, = Ry are al equal 1.

In contrast to the many representations of the cell volume,
there is only one representation, j = 3, for the rate of change
of the cell volume

. {[(xm + 2X)(Ross = Ry) + (2% + Xy )(Ro = Ry 9] X R}
3:2 '

This algebraic difference between the single representation of
the rate of change of the volume, and the infinite number of
representations of the volume is the cause of the difficulty in
simultaneously preserving energy, entropy, and sphericity in a
problem with point symmetry in cylindrical coordinates.

The significance of the j = 3 node area vectors can be
identified by considering thetimedifferential of thecell volume.
The total time derivative of a scalar function f = f(R, t) is
given by

daf _of dR
da ot dt vi
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The cell volume is a function only of the vectors defining the
cell nodes V, = V.(R;, Ry, -, -, -). The rate of change of the
cell volume can be written

The j = 3 node area vector is identified with the differential
of the cell volume with respect to the node position vector.
The divergence of the velocity over the cell is

: dv,
(VR = 4 =

1C
Ve dt V,

> R, - Al

Integral definitions of the cell volume and rate of change of
cell volume can al'so be written in terms of sums over the node
area vectors. The integral and difference definitions of cell
volume and rate of change of cell volume can be compared:

Vc=ﬁLV-RdV V.= [ V-Rav
=(VT12)3£CR-0|A =§;CR-dA

13 .
(v+ 2);R“'Aij

>R, Al

From Fig. 2 and the formulas for Aj. above, it can be seen
that in cylindrical geometry on an egqual-angle R — © mesh,
only the sum of Al; node area vectors of the cells adjoining
node n with the common weighting X, can produce a radia
vector. The direction of this vector will determine the direction
of the change of velocity at the node. This will be important
later to theissue of preserving spherical symmetry incylindrical
coordinates for those problems with point symmetry. In [5],

"y

>
R

FIG. 2. Node area vectors in equal-angle mesh. Only the sum of Af,
vectors for cells 1 and 2 with j = 1 will produce a radial vector in cylindri-
cal coordinates.

Margolin and Nichols note that in a finite volume code, the
acceleration calculated on a momentum control volume is cor-
rectly applied only to the center of mass of the body; not to
the node.

COMPATIBLE EQUATIONS

Compatible difference eguations provide a simple way to
preserve the conservation properties of the differential equa-
tions being modeled. The construction of such equations is
straightforward. Compatible formulas are formed by rearrang-
ing combinations of common terms (pressures, masses, aress,
and velocities) in the total energy conservation equation to
represent the change in momentum, internal energy, kinetic
energy, and work done on a cell face. The technique will be
illustrated for an ideal fluid. The conservation of energy equa-
tion in differential and difference formsis

jvp(5e+ Su-u)dV = —&fvv-(pu)dv= —&és(pu) -dA

ZMc5e0+zMn&Jn'un: _&E(pbub)'A?b:
b

dlc dln

where the integrals and sums are over the domain of the prob-
lem. The cell and node masses, M., M,, will be defined below.
The subscript b indicates values on the domain boundary.

Over time, difference formulas for the momentum equation
on a staggered space grid have been derived in many ways,
from Taylor’s series expansions of the pressure gradient terms
in early finite difference equations|[6, 7], through Green’ strans-
formations of the pressure gradients in finite volume equations
[8], and the equations of virtual work [9] or solution of the
Lagrange equation [10] to lumped-mass, uniform-strain finite
element equations [11-13] and compatible finite volume equa-
tions[3, 14, 15]. Most of the differenceformulasfor themomen-
tum equation have the generic form

ot < ot & (AL
E Ajn,cpc = _E <Y]> Pe,

ou, =
Xa(PA)n (PA)n 5 n

wherethe sum is over the cells surrounding the node. Theterms
in the equation are variously defined. In finite difference [6, 7]
and finite volume [8, 15] codes, the area node vector Af. with
j = 1 is normally chosen (by experience or by default) to
obtain spherical symmetry in a problem with point symmetry
in cylindrical coordinates on the equal-angle mesh of Fig. 2.
The X, term in the denominator then cancels the X, weighting
inthe definition of A and reduces the equation to the Cartesian
form. The (pA), term represents the product of the density and
the area Jacobean at the node. In finite element codes, the effect
of Petrov—Galerkin (1/R) weighting [11-13] is to choose
j = 1in A which also cancels the X, in the denominator of
the momentum equation. Direct solutions of the virtual work
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[9], Lagrange equation [10], and finite-element equations de-
rived without 1/R weighting introduce the vector direction of
A} inthe momentum equation through the term oV./dR,. Some
finite volume codes [3, 14] aso introduce the vector direction
of Aj. in the momentum equation. Such codes cannot preserve
spherical symmetry in a symmetric problem on the equal-angle
mesh of Fig. 2.

It is useful to have a mass associated with a cell corner just
as the node area vector is associated with the cell corner [15].
Schulz in his 1964 paper [7] defined cell and nodal masses in
terms of masses associated with cell corners M¢ such that

n C
M,=> M, M.=> M.
C n

The Schulz corner masses were defined in a way easy to com-
pute with 1960's equipment

e v (PP

Mn - Xn 4 l

where p and A are the density and planar area of cell c. The
mass of cell ¢ isthen

c ¢ Xa(pA)e
M= 3 s = 3 X pA)CZ—

which is obviously not the true mass of the cell in cylindrical
geometry. The node mass is

n A)c A).
=>M ELﬁ’)#nE(p X (oA,

which defines (pA),. This definition sets the term appearing in
the compatibility equations

My
Xa(pA)n

These definitions have the properties that the sum of cell masses
eguals the sum of node masses,

DIVESOPIE

dlc dlc n

ZIM=Zm

dln

and the total kinetic energy

un) = 2 i Mﬁ(-sun . un)

dln ¢

KE=> > Mg(.5u,-

dlc n

can be summed over either cells or nodes. Note that M, is zero
onthe zaxisin cylindrical coordinates. Asthe hydro equations
caculate the change in specific quantities, éu,, e, p., the
Schulz mass definition works just fine (but care must be taken
to introduce sources and sinks as specific quantities).

A corner mass can be based on the A}, definition of cell
volume by considering a path around the quadrilateral g in Fig.
3 defined by nodes (5, n — 1, nn + 1; n = 1, ..., 4), where
Rs is the mean of the node position vectors R, ..., R, defining
the cell. Then

c g xn (Rn+1 - Rn—l) ~
Mi= 02 o0 2){R”'[ 2 "]}

is basicaly half the mass of the triangle with sidesn — 1,n
and n,n + 1 except in cells with extreme distortion. The sum
of the corner masses about the node n is

g (Rn+1_Rn—l) n
Slr[Fegil}

which definesM, = X,(pA)n. M. = = M& = p.V, isthe Lagran-
gian cell mass. This definition of corner mass has al of the
properties of the Schulz corner mass and, in addition, represents
the true mass of the cell. Many other definitions of corner, cell,
and node masses and the area Jacobian, generally based on
concepts of momentum control volume, have been used. The
equations which follow are general and do not assume specific
relations among the mass variables.

The steps to produce a compatible internal energy equation,
while conserving total energy are to substitute the difference
form of the momentum equation for éu, into the difference

[ n
M,=> M= &22
n n

+2)

A c4 c3
Y,Z \
n2 nl
q c2
nS
cl \
n3
\
n4
>
X,R

FIG. 3. Notation for defining cell corner mass M& as half the mass in
quadrilatera g.
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form of the total energy equation and rearrange (assemble)
terms by cell quantities,

> M 86 + ) My Uy - Uy = =5t >, (Pulis) - A
b

dlc dln

C

"2 %

C n I‘I n

> M

dlc

[5%+ AJ"c U]=_&E(Pbub)'A,bb
b

-ap. & M
oe. = Al -u,
“T M, Exc(pA)n g

The result is the compatible equation for the change in specific
internal energy. For compatibility and total energy conservation
in cylindrical coordinates, the choice of j in the Al area vector
terms must be the same in the momentum and in the internal
energy equations. To preserve sphericity on an equa-angle
mesh in cylindrical coordinates for a problem with point sym-
metry, the j = 1 node area vector must be chosen.

Thedifferential and difference equationsfor the conservation
of total energy can now be put in the form

EMcéec-i-zMnéUn'Un: _&E(pbub)'A?b
b

dlc dln

&fv(—pV u—u-vp)dv= —&Sgs(pu) -dA

{E pCE (A) ”*%xn(pA)n“"gA”pC]

= _&2 (PoUy) - A},
b

where the first term is the change in interna energy and the
second term is the change in kinetic energy. If M, = X,(pA),
the total energy equation is

[2 pCEAJC Uy + O Uy - ZA,"CpC]—

dlc dln
—ot 2 (PoUp) - A%,
b

Solving the momentum eguation allows the node coordinates
to be moved and the cell volume and density at the advanced
time to be calculated. Solving the compatible internal energy
equation defined above determines the internal energy at the
advanced time. With the density and internal energy defined
in each cell, the cell entropy can be determined from the equa-
tion-of-state. (Consider evaluating p.V? at successive times for
an ideal gas.) The change of entropy in the cell will be the
same as if it were calculated from the equation

ot M,
n

2 Xa(pA)n

T. 65 = de. + *Up,

where T is the temperature and s is the entropy of the cell. The
cell entropy in smooth isentropic flow can only be preserved,
65 = 0, if the internal energy equation were calculated with
j = 3 A, area node vectors. For compatibility and total energy
conservation, j = 3 area node vectors would then be used in
the momentum eguation. But j = 3 node area vectors do not
combine to radial vectors in an equal-angle mesh and will not
preserve a spherical flow.

Theusual choicein finite difference and finite volume hydro-
dynamic codes [6—8] isto usej = 1 area node vectors in the
momentum equation and ] = 3 areanode vectorsin theinternal
energy equation. This choice preserves spherical symmetry on
an equal-angle mesh and keeps a smooth flow on the starting
isentrope. Total energy conservation is abandoned. In contrast,
by the very nature of their construction, finite element codes
are inherently compatible and energy conserving. The typical
Petrov—Galerkin weighting [11-13] introduces thej = 1 area
node vectors which preserve spherical symmetry and these are
automatically used in both the momentum and internal energy
equations as written above. The change in entropy, of course,
is based on the change in volume, d(volume) is given by | =
3, not j = 1 area node vectors, and is not preserved.

As aresult of these observations, Burton in 1994 modified
a cylindrical geometry code [15] to use the j = 1 area node
vectors in the momentum and internal energy equations and to
simultaneously preserve entropy by an interesting device. Ex-
cept at the initial time, the cell volume is not calculated from
the coordinates of the cell but is carried as an interna variable
and updated by calculating the change in cell volume using the
j = 1 vector in the expression for the divergence of velocity.

INTERIOR INTERFACE (CELL FACE) WORK TERMS
AND INTERFACE (CELL FACE) PRESSURES

Just as the assembly of termsin the conservation equation for
total energy as coefficientsof p, and u. lead to representations of
p div uand u - grad p, another grouping of terms as coefficients
of the cell face area vectors lead to difference representations
of cell face work terms, (pu) - dA, and cell face pressure terms.
The cell face area vectors will be formed of the common vector
parts of the two node area vectors defining the cell facen,n + 1,

(Xoes + Xo)
2

X5)

A= T Ry — Ry) XK,

where the notation used isillustrated in Fig. 4. (Thej distinction
drops out in the definition of the cell face area vector as the
coefficients of X, and X,;; become egua in the sum.) The
coefficients of this term for one cell face, nn + 1, will be
extracted from the difference form of thetotal energy conserva
tion equation.

Collecting al coefficients of the cell face area vectors from
the expressions for the change of internal and kinetic energy
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FIG. 4. Notation for describing interface work and pressure terms.

of a cell leads to the equation (in a quadrilateral mesh) for the
work done on the cell face (interface) in time ét,

An,n+1
2

[u (pa(M me1 T Mii) + py (M3, + Mem+1)>}
"I (ME M+ M3 MBL)

SWht = — gt

+ o (PMa £ M3) + py(M3 + M)
S (VERE VI VI V)

which correspondsto one cell face term of theinterior boundary
work in the conservation equation

> M, 5eC+EM du, - U,

intc

= =6t >, A% (Polip) = X, W

inth intn

where the sum is over an interior region of cells with the
associated nodes and cell face boundaries. With this definition
of the work on a cell face, total energy conservation can be
examined over any subregion of a mesh, including a single
cell. The change in internal energy, for example, could be
calculated by subtracting the change in cell kinetic energy from
the work done on the cell. The result would be identical to that
obtained from solving the interna energy equation (with the
same j value used in the momentum egquation).

For clarity in thisillustration of the compatible definition of
the interface work and pressure, the term X,(pA), has been
identified with the sum of the cell corner components of the
noda mass, M} + M2 4+ M3 4+ M?in Fig. 4 which would be
the case in a well-organized code. It will be noted that in the
compatible definition of the interface work term, two values
of the pressure are defined on each cell face. The two pressures

reduce to asingle value only if cell masses across the interface
are constant. The interface pressure nearest node n, Fig. 4, is

_ ps(Mi + M) + py(M7Z + M7)
°T (ML 4 M2+ ME+ MY

This formula reduces to the average of the two cell pressures
if the cell components of the nodal masses on either side of
theinterface are equal. Asin compatible one-dimensional codes
[16], if the interface is an exterior boundary, the cell face
pressure reduces to the applied boundary pressure, p; (the exte-
rior masses, M2 and M3, are zero). The two values of interface
pressure on each face of a cell are in contrast to the single
value of interface pressure associated with Godunov solutions
on the face of acell. Thisisrelated to the difference between
solving for vertex and face velocities. (The eight velocity com-
ponents on the vertices of a quadrilateral alow the representa-
tion of the four fundamental modes of motion of the cell:
trangdlation, dilation/compression, shear/rotation, and hour
glassing. The four (normal) velocity components on the faces
of acell allow the representation of the translation and dilation/
compression modes. The two velocity components of a cell
centered velocity code alow only the representation of the
tranglation mode.)

STRAIN RATE TENSOR

The difference forms of the elements of the strain rate tensor
in cylindrical geometry are not generally reported. Using the
form for V. derived in the Appendix, it is easy to write the
exact difference forms of the termsin the strain rate tensor for
either plane or cylindrical geometry for a cell with any number
(>2) of nodes:

® LR, 0
IR 2\9Z IR
_ 1(oR oz 0z
leR 2)] = 5(5*@) 37 0
R
0 0 =
where
aR _
2mm+mﬂm(mwnm4

R 2(,,+ 2V, <

aR = 1 2 - Rn[(xn + Xn+1)Rn+1 -

92 2w+ V.4 (Xi-1 + X)Ro-1]

;Y4

R 2(v+—2)\/CE Z[(Xn + Xoe1)Zos1 —

(Xn—l + xn)zn—l]
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92 1 N 7%+ Xe)Ro —

9z 2(V+ V. 2 (X X)R-]

R S R, Zows —

R m Xnr1Zo + Xo-1Zy = %aZo-1)]-

As usua, the sums are to be taken in cyclic order over the
nodes around the cell and X, = R;; with » = 1 in R-Z geometry
and v = 0in X-Y geometry. It can be noticed that the derivative
terms limit to the Cartesian values (the cell volume is numeri-
caly equal to the cell area) and the R/R term goes to O in
X-Y geometry. As the terms are derived from the exact expres-
sion for the time rate of change of the cell volume, the trace
of the strain rate tensor is automatically preserved.

CONCLUSIONS

This note has attempted to set forth the algebraic causes of
effects familiar to most people working with solutions of the
Euler equations in cylindrical coordinate systems. That is, the
difficulty of simultaneously conserving total energy and pre-
serving entropy and sphericity in the simple problem of the
expansion of agaswith point symmetry. The note has addressed
only typical staggered grid difference schemes, where the mo-
mentum equation can be forced into the generic form chosen.
No attempt is made to discuss Godunov type schemes which
calculate cell edge velocities and pressures, or schemes where
al information is carried on nodes or mass points. It is hoped
that the discussion presented aerts the reader to the conse-
quences of certain choices of differencing techniques.

Because they are rarely, if ever, shown for staggered grid
hydrodynamics, formulas are presented for cell face pressures
and work terms. For the same reason, exact difference formulas
for the elements of the strain rate tensor in cylindrical geometry
are shown.

APPENDIX: DErRIVATION OF VOLUME FORMULAS

The notation used is illustrated in Fig. 5. By Pappus’ rule,
in cylindrical coordinates the volume per radian of each of the
triangles emanating from the origin is

(X0 X1+ 0) (Ro X Rova) o
(v+ 2 2 k

Vn+n+1

where k is the unit vector norma to the R-Z plane and X, =
Ry with » = 1 in R-Z geometry and v = 0 in X-Y geometry.
In the example shown, triangles 012, 023, 034, and 045 con-
tribute positive values to the total volume of the polygon;
triangle 051 subtracts out the excess volume. Thus the volume

|
R

FIG. 5. Geometry to define volume formulas for cell ¢ defined by nodes
1to5.

of the cell, ¢, formed by a polygon rotated one radian about
the z axis is

(r+2Ve =23 (X + X )Ro + Rov) &

18 N
=§§xn&XRm—xm&HXRmk

= 23 XRo X Ry~ Ry -k
=23 Ry DRy — Ry X K
& AX(Rat — R + Xo(Ry — Ryy)] X K
_En:Rn. 1o

Il
:Mo
»—\:

where the sums are to be taken in cyclic fashion.
Thej = 2 formulais

(v+ 2V, = %2 (X + Xor)(Rn X Rypy) -k

22[“&X“Uax&m

n

K1 + X))
* 2

- %2:: Rn % {|:(xn " X”+l) (Rn+1 -

(Ry_; X Rn)} -k

. R,

(Xn + Xn 1) R, — nl)} R}
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[(Xn + Xﬂ*l)(RI'H’l - Rn) +
(Xn + Xnfl)(Rn - Rnfl)] X R
2:2

A

53

continuing sequence of relations can be formed by summing

the formulas above.

20+ V=S (X + X )(Ry X Rovy) -K

20w+ 2V, = 2[

(|

(% + Xas1)(Ry X Rys1 + Ry X Royy)
+V(X + xn+1)(Rn X Ry+1)

+Rn[(2xn + Vxn+1)(zn+1

The formula for the time derivative of the cell volume is

|

Z)) + (2X, + vX0-)(Zo — Zo-1)]

:irmWM®AladwmaﬁaJ%
n +V(X + Xn+1)(RnZn+1 Rn+1zn)

. %+MMM%Mﬁ&m4 ]
= z + V(xnzn+l - Xn+1zn + anlzn - ann,l)

" ZI0%G + X )R — (Kot + X)R-]

DN

n[(zxn + X)) (Ryss —

R) + (2X, + vX-)(R, — Rnl)]}
Ry + (X, + vXi-)(Ra —

n

. c .
V.=>R

. c .
V.= > R,-Al.

Srain Rate Tensor. The difference form of the elements
of the strain rate tensor can be identified from the intermediate
equation for V/, above which defines the elements of the diver-
gence operator integrated over the cell

2w+ 2V, =
. +Rpm+nmaﬂ—m”+nmn ]
E + V(xnzn+l - Xn+lzn + Xn—lzn - ann—l)
" =ZI0%G + Xee)Reer — (Kog + X)R, ]
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